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The era of generative Al
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Generative models

training data

Given training data X" ~ py... (1 <i < N) in R?
—_———

from a general distribution
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Generative models

new samples
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e Given training data X' ~ py .. (1 <i < N) in R?
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from a general distribution
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e Generate new samples Y ~ pgata
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Preliminaries: score-based diffusion models



noise noise noise

e forward process: (progressively) diffuse data into noise
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noise noise noise

denoise denoise denoise

e forward process: (progressively) diffuse data into noise

e reverse process: convert pure noise into data-like distributions
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noise noise noise

Sample fresh images . oise

e forward process: (progressively) diffuse data into noise

denoise denoise

e reverse process: convert pure noise into data-like distributions

Goal: Yt%Xt, = 85000l J 5/ 38




key component: score functions of forward process: V logpx, (X)
—_———

w.r.t. X
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1. score learning/matching: learn estimates s;(-) for Vlogpx, (-)

6/ 38



key component: score functions of forward process: V logpx, (X)
—_———

o w.r.t. X
denoising network
- AN
///77' F\\\\Qx;ﬁ N\
— N2 L/ < \
KSR
Yg;%:) €/>z/< g;\) TN lean s¢(-) = Vlogpx,(+)
///,\(Q\\\! é#}g\;? -7
\\\\ //;%5&\ s
= e 2 /
Yo <A Yl 4‘ ng DI 000 it 4‘ YT
si()  s2() st(*)

1. score learning/matching: learn estimates s;(-) for Vlogpx, (-)

2. data generation: sampling w/ the aid of score estimates {s;(-)}

6/ 38



key component: score functions of forward process: V logpx, (X)
—_———

o w.r.t. X
denoising network
-7 ‘;\\\x_/j/? \\
:7_// < XD‘ < \
N~ 7 \\%> / SO
\/S(\z\/ AN £ \\\
2 g:) €/>z§ Yﬁ? TN E - leam si(+) = Vlogpx, ()
@Iy
~_ N\ /$$/> 7
~ O\ l, _\:\ //
Yo <A Y1 4‘ Y'Q DI 000 it 4‘ YT
si(-)  sa2(7) st(")

1. score learning/matching: learn estimates s;(-) for Vlogpx, (-)

2. data generation: sampling w/ the aid of score estimates {s;(-)}

6/ 38



Two mainstream approaches

— Ho, Jain, Abbeel 20

X0 ~ Pdata; Xt = VarXe1 +V1I—aN(0,1y), 1<t<T

1. A stochastic sampler: denoising diffusion probabilistic models

DDPM
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Two mainstream approaches

— Ho, Jain, Abbeel 20

X0 ~ Pdata; Xt = VarXe1 +V1I—aN(0,1y), 1<t<T

1. A stochastic sampler: denoising diffusion probabilistic models

DDPM
Yr ~ N(Oa Id)
1 11—y
n_l—ﬁ(mm—at)at(mﬁ N L), =T
deterministic component random component

e Score estimates: s;(z) ~ Vlogpx,(z)
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Two mainstream approaches

— Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole 20
— Song, Meng, Ermon '20

X0 ~ Pdata;, Xt = VarXe1 +V1I—aN(0,1;), 1<t<T

2. A deterministic sampler: based on probability flow ODE

or DDIM
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Two mainstream approaches

— Song, Sohl-Dickstein, Kingma, Kumar, Ermon, Poole 20
— Song, Meng, Ermon '20

X0 ~ Pdata;, Xt = VarXe1 +V1I—aN(0,1;), 1<t<T

2. A deterministic sampler: based on probability flow ODE

or DDIM
Yr ~ N(0, 1)
1 1—Oét
Yi1=—1|Y s¢(Y; t=1T,---,1
t—1 \/at( t+ 2 St( t>>7 ) )

purely deterministic

e Score estimates: s:(z) ~ Vlogpx,(z)
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Interpretations: continuous-time limits

forward process X; = /11— BiXe—1 + V/BN(0, L)
(marginal: g 1= pxt) = dX; = —%B(t)Xtdt+ Jﬁ(t)th (SDE)
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Interpretations: continuous-time limits

forward process X; = /11— BiXe—1 + V/BN(0, L)
(marginal: g 1= pxt) = dX; = —%ﬁ(t)Xtdt+ 1/5(t)th (SDE)

II marginals

1
DDPM-type Y, = ﬂtﬁ
stochastic sampler
(time-reversed SDE, Anderson'82) |=— dY: = (— —B(t)Y: — B(t)V1og ¢ (V2 )dt +V/B(t) aw, (reversed)

— (% + BV loga (30) + N(O. 1)
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Interpretations: continuous-time limits

forward process X; = /11— BiXe—1 + V/BN(0, L)
(marginal: ¢; :==px,) | = dx, = —%B(t)Xtdt-r V/B(t)dW; (SDE)

|| marginals

1
DDPM—type Y1 = 7
stochastic sampler
(time-reversed SDE, Anderson'82) (— dYi = (— 5B®)Y: — B()Viog ¢ (Y2 )dt +/B{A)AW,  (reversed)

LN

— (Y + BV log (1) +

|| marginals

Y1 = Yt+%V10gqg(Yr,))

=7
7
— v = (=3B - FOTIoga(¥) ) at(reversod)

deterministic sampler
(probability flow ODE)
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Diffusion-based sampling is often slow

Low sampling speed!
100s-1000s steps

a

initialize

atipure

Gaussian

50K 32x32 images: DDPM (20h) vs. single-step GANs (< 1min)
— Song, Meng, Ermon '20
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Diffusion-based sampling is often slow

Low sampling speed!
100s-1000s steps

initialize
atipure
Gaussian

50K 32x32 images: DDPM (20h) vs. single-step GANs (< 1min)
— Song, Meng, Ermon '20

a

Understanding and improving convergence rate are important! J
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Part 1: acceleration
— with application to inverse problems

“Provable acceleration for diffusion models under minimal assumptions,” G. Li*,
C. Cai*, arXiv:2410.23285, 2024

“Improving Diffusion-based Inverse Algorithms under Few-Step Constraint via
Learnable Linear Extrapolation,” J. Zhang, Z. Liu, L. Yan, G. Li, Y. Gu, NeurlPS,
2025



/ training-based \

pretrained diffusion model -m
( (pretrained scores) s

e Training-based: distill pre-trained diffusion model into another

requires additional training
model that can be executed rapidly

o e.g., progressive distillation (Salimans et al.'22), consistency model
(Song et al. '23), ...
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o™ T
P __---»| distilled model |~---- ~e.
N

U x’lv /” ~,
b,\ng // s, \\
! training-based \
pretrained diffusion model
(pretrained scores) .

~. ’
R

~ao
~

-
—————

e Training-free: directly invoke pre-trained diffusion models
(particularly score estimates) for sampling w/o additional training

o e.g., DPM-Solver/++ (Lu et al.'22), UniPC (Zhao et al.’23), ...
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Can we design a training-free sampler that
converges provably faster?



Motivation from high-order discretization

XA VEXo + VTTmNO L) witha =[] (15
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XA VEXo + VTTmNO L) witha =[] (15

General form for 0 < v <1 :

X(v) = vAXo + /1 —N(0,14)

sy(x) = Vlogpx(4)(z)
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Motivation from high-order discretization

XA VEXo + VTTmNO L) witha =[] (15

General form for 0 < v <1 :

X(v) = vAXo + /1 —N(0,14)
sy (x) = Vlogpx(y)(z)

= X(m) gXt, Sh = S}
A key reversed relation X (a;) — X (a;—1):

X(@1) = —— X (@) + M/

Ja

55 (X (7))dy

FV
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Motivation from high-order discretization

XA VEXo + VTTmNO L) witha =[] (15

General form for 0 < v <1 :

X(v) = vAXo + /1 —N(0,14)
sy (x) = Vlogpx(y)(z)

— X(()Tt)gXt, Sh = S}

[0

A key reversed relation X (a;) — X (q—1):

- 1 - Ott 1
X@n) = o= x(@) + Y52 [ T

“solution” to probability flow ODE

55 (X (7)) dy
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Motivation from high-order discretization

_ 7L Ott1 &
X (@) = =X (@) + ¥ / f HX()  dy

approximated by?
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Motivation from high-order discretization

_ 7L Ott1 &
X (@) = =X (@) + ¥ / f HX()  dy

approximated by?

Scheme 1: s* (X (y)) =~ st (X(ah)) ~ s¢(Xy)

1 1-—
= X(-1) = — (X(ozt) + 204,5 st(Xt)) original DDIM
Vo

refined approximation?

X = s, (K@) + ST
~ si(Xy) + ;y_%at (st(Xt) — 3t+1(Xt+1))
Qp — Qi1

15/ 38



Motivation from high-order discretization

_ 7L atl o
X (@) = =X (@) + ¥ / f HX()  dy

approximated by?

Scheme 1: s* (X (y)) =~ st (X(ah)) ~ s¢(Xy)

].—Oét

S X(at_l)z<X(at)+ st(Xt)) original DDIM

Oét+1

scheme 2 S ( ( )) ~ S (Xt) —|— Fy O (St(Xt) —St+1(Xt+1))
1

— X(at 1)

X (@) + —=—ts:(Xe)
( (X))

NG
1 [ (1= )’
I T <4((1_04t-)&-1) (St (Xt) — Q1841 (Xt+1)>> Ours
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Motivation from high-order discretization

X(@—1) = \/%X \/ﬁ/ \F

sH(X(v)  dy
——

approximated by?

Scheme 1: s* (X (y)) =~ st (X(ah)) ~ s¢(Xy)

].—Oét

S X(at_l)z<X(at)+ st(Xt)) original DDIM

o — Oét+1

scheme 2 S ( ( )) ~ St(Xt) Y% (St(Xt) —St+1(Xt+1))
1

= X(Oft 1) \/07,5 (X(Et) n 1-— St(Xt)>
1 ((-a)?
+ \/&7,5 <4(1—0£t+1) (St (Xt) - msu»l (Xt+1)>> Ours

— similar in spirit to DPM-Solver-2 (Lu et al 2?)
15/°38



Proposed accelerated deterministic sampler

S/t_ :ét(}/})v }/;5—1 :\Ijt<)/;f7y;_) fOI’t:T,"' 71 (1)

e compute a midpoint Y, ; update based on both Y; and Y,
————

~—_— ———
estimate of Y41 using Y provide 2nd-order info
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Proposed accelerated deterministic sampler

S/t_ :ét(}/})v }/;5—1 :\Ijt<)/;f7y;_) fOI’t:T,"' 71 (1)

- 1

1-— (6773
2
original DDIM

St(Yt)

e compute a midpoint Y,” ; update based on both Y; and Y,
————

~—_—  ———
estimate of Y41 using Y provide 2nd-order info
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Proposed accelerated deterministic sampler

Y, =0(Yy),  Yea=W(Y,Y,) fort=T,-,1 (1)

¢’t(Y}) = \/Ot41 (Y} - 1—20&“81&(%))

1— o (1 —)?

2 4(1 — auq1) (St(Yt) a mst"'l(n_)))

original DDIM “momentum”

U (Ve, Y, ) = <Yz +

Ja: se(Yy) +

e compute a midpoint Y, ; update based on both Y; and Y,
—_——— —_————
estimate of Y41 using Y provide 2nd-order info

e 2 score function evaluations per iteration

16/ 38



Proposed accelerated stochastic sampler

YT%YT7%~>YT_1%~~Y1~>Y%%YO

Fort=1T,...,2
1 1—Oét
Vi = 7 (M4 ) + (- a0z @)
Y= (Y+(1—a)s(y)) % g
t—1 \/a— t t)ot t \/a—t t
e

o C|Ipt{06t St— 1(}/1‘,—%) ( 1—ozt)Zt7%)} (3)

“second-order approximation”

e clip, : RY — RZ : truncation function

e two score function evaluations per iteration
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Minimal assumptions

e Minimal data assumptions:
E[l| Xoll2] < 7"

for arbitrarily large constant cp > 0
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Minimal assumptions

e Minimal data assumptions:
E[l| Xoll2] < 7"

for arbitrarily large constant cp > 0

e (5 score estimation error: s;(X) = Vlogpx, (X),

T
=0 B [lseX) = sHXOI] < o
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Convergence theory: DDPM stochastic sampler

_Xt:\/Oét)(tfl‘f'\/1-0&./\/(07](1)7 t:17'~~7T

L= 0,10, t=T,---,1 (8)

Qi

Yoo = %_7 (i+ (1 - asuv)) +

Theorem 1 (Li & Yan’24)
The DDPM-type stochastic sampler (4) obeys

dlog®T
TV (pX1 ) le) SJ ,Zg-, + Escore vV 10g T’
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Convergence theory: DDPM stochastic sampler

Xt = \/Oétthl + \/1 —at/\/'(OJd), t= 17“' 7T
Y, —L(Y+(1_a)s(y))+ L= 0, 1),  t=T,- 1 (4)
t—1 — \/Oéit t 't )St\ Lt o sd4d)s =4, )

Theorem 1 (Li & Yan’24)
The DDPM-type stochastic sampler (4) obeys

dlog®T
TV (pX1 ) le) SJ ,Zg-, + Escore vV 10g T’

e iteration complexity O(d/¢)

to yield TV dist<e

e stability: TV (px,,py,) x error measure score

19/ 38



Main result: accelerated stochastic sampler

Theorem 2 (Li, Cai’24)

The proposed sampler satisfies (up to log factors)

d5/2

TV(po pvi) S T2 + Escore
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Main result: accelerated stochastic sampler

Theorem 2 (Li, Cai’24)

The proposed sampler satisfies (up to log factors)

d5/2

TV(po pvi) S T2 + Escore

e iteration complexity : O(d%*/./z) for small enough ¢

to yield TV dist<e

e mild data assumption: finite second-order moment (no need of
smoothness)
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Main result: accelerated stochastic sampler

Theorem 2 (Li, Cai’24)

The proposed sampler satisfies (up to log factors)

d5/2

TV(po pvi) S T2 + Escore

e iteration complexity : O(d%*/./z) for small enough ¢

to yield TV dist<e

e mild data assumption: finite second-order moment (no need of
smoothness)

e minimal score estimation: L? score error suffices (no need of
Jacobians)

20/ 38



Comparison with prior works

Additional assumptions:

1. structured data distribution:

iteration complexity requirement
Li'24 Ld'/3/2/3 1-order Lipschitz score
Huang '24 (Ld)**1/p /1 /P (p + 1)-order Lipschitz score
Huang '24 LAd?)<%/P (p + 1)-order Lipschitz score
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Comparison with prior works

Additional assumptions:

1. structured data distribution:

iteration complexity requirement
Li'24 Ld'/3/2/3 1-order Lipschitz score
Huang '24 (Ld)**1/p /1 /P (p + 1)-order Lipschitz score
Huang '24 LAd?)<%/P (p + 1)-order Lipschitz score

2. higher-order score estimation:

iteration complexity requirement

Li'24 d3/\/c accurate Jacobian estimate

We design a provable training-free accelerated sampler under
minimal assumptions on data distribution and score estimation

21/ 38



Inverse problems

Forward model: we interrogate the signal of interest x through
forward model A and make measurements y.

z A() y = Ax)
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Inverse problems

Forward model: we interrogate the signal of interest x through
forward model A and make measurements y.

z A() y = Ax)

inverse problem

Inverse problem: recover the signal of interest « from y.
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Ubiquitous, but often ill-posed

",

Ag/“"\\

.

m'(

|7 —7

Internet traffic

microscopy
hyperspectral

Radio astronomy

seismic imaging

Can we exploit flexible / expressive data priors prescribed by
diffusion models? J
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Score-based diffusion model for inverse problems

likelihood

= vy~ ()

inverse problem /

Score-based generative prior &

X &P 000 (e 7

si(1) = Vlogpx, ()

Posterior sampling: sample from

p(-ly) o< p(-)p(y|x) = p(-) exp (L(-;y))
~~ —

prior log-likelihood

Score-based implicit prior: the data prior p(-) is accessed through
its unconditional score functions s.(-) = Vlogpx, (-).
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Accelerated diffusion-based inverse algorithms

Inspired by accelerated diffusion sampler

9 (5}

éwﬂ‘ z z‘ B‘ ) .
\
\
\

Ro,tsr - Ro,ti0r

A\
i — Original data fl
"xo ------------------- £, ._._._._._._._._._! B LCala oW
. — LLE data flow

The proposed canonical form of diffusion-based inverse algorithms
and the workflow of our Learnable Linear Extrapolation (LLE) method

Xtiy

—»
Degradation
["
r‘
el
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Numerical experiments

Deblur (aniso) (oy =0) Inpainting (oy = 0.05)
RED-diff ReSample

4 6 8 10 12 14

Steps Steps
4x SR (o, =0.05) CS 50% (oy =0)

DAPS DDRM

4 6 8 10 12 14 4 6 8 10 12 14
Steps Steps
—e— Original PSNR ~ —@— LLEPSNR  —%— Original LPIPS ~ —x— LLE LPIPS

LLE achieves improvements across multiple tasks consistently J
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Part 2: diffusion language models

— an information-theoretic rate

“A Convergence Theory for Diffusion Language Models: An Information-Theoretic
Perspective,” G. Li*, C. Cai*, NeurlPS, 2025



Autoregressive (AR) modeling

Token sequence z = (z1), ... z(1):
L . .
p(z) = p®) [T o | 2D, . 2070,
=2

e one-by-one generation: slow speed
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Autoregressive (AR) modeling

Token sequence z = (z1), ... z(1):
L . .
p(z) = p®) [T o | 2D, . 2070,
=2

e one-by-one generation: slow speed

o left-to-right order: forward-only generation

28/ 38



Preliminaries: diffusion language models



Hello diffusion model Hello M model MMM

e forward process: (progressively) mask data
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Hello diffusion model Hello M model MMM
Yo <  — Y: S B X X 4‘ Yr
unmask unmask unmask
Hello diffusion model Hello M model MMM

e forward process: (progressively) mask data

e reverse process: convert masks into data-like distributions

Goal: Y 9 Xo J
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Mask predictor learning

Given mask size schedule {s;}~ ; with 3°, s; = L, generate random
mask index sets {M;}]_ s.t.

e @ =My C--- C My =|[L]
o M;\ M;_1: random subset of M ; with size s;
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Mask predictor learning

Given mask size schedule {s;}~ ; with 3°, s; = L, generate random
mask index sets {M;}]_ s.t.

e @ =My C--- C My =|[L]
o M;\ M;_1: random subset of M ; with size s;

Find p that solves:

. L
min - —Er x,, 0, M
-

i S logp(XS X)), (5)
p:H'L:I Dpi

1€EM,

e random step 7 € {1,..., T} s.t. P{r =t} =s;/L
e training data Xy ~ pdata
e masked sequence X, = Py (Xo)

31/ 38



Sampling procedure

e Initialize Y7 < (M,...,M) and My + [L]
e Fort=1T,...,1:
X ~p (| V)
Vi Pue(Vs)  + Pagar,, (X0)
(S ——

——
already unmasked  unmasked at step ¢

Output: sample Y)

32/ 38



Prior theories on language models

Perplexity to measure the performance:

exp ( - %Elwpxo [log py, (x)]) = exp (% [KL(px, ||l pyvy) — H(XO)D

33/ 38



Prior theories on language models

Perplexity to measure the performance:

exp ( - %Elwpxo [log py, (x)]) = exp (% [KL(px, ||l pyvy) — H(XO)D

o AR model: T =L

33/ 38



Prior theories on language models

Perplexity to measure the performance:

exp ( — %E%,}XO [log py, (x)]) = exp (% [KL(px, ||l pyvy) — H(XO)D

e AR model: T =L
e Chen, Ying, '24 & Zhang, Chen, Gu, 24: T > L
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Prior theories on language models

Perplexity to measure the performance:

T [KLx, [ o)~ H(X0)))

1
exp ( — ZE”L‘NPXO [logpy0 (x)]) = exp (
o AR model: T =L
e Chen, Ying, '24 & Zhang, Chen, Gu, 24: T > L

e Feng, et al. '25: ((n —1)/T)"/"Llog |X| error bound for n-gram
language model with n < log L

33/ 38



Training error

Training error of mask predictor p = HiL:1 i

3 logp (X§7 | X, )}

Etrain = ET,XQ,MT [| |
Tl ieM,

- ET ,Xo,Mr [ Z 10gp2 X(g 2 | XT):|
|M ‘ €M,

where p* is the minimizer of the training loss

Etrain: likelihood gap caused by imperfect training

34/ 38



Main result: diffusion language model

Theorem 3 (Li, Cai’25)
The output Y of the diffusion language model satisfies
oflogz smax] _ 1 L D (i
Enm[KL(pxo || Pyoan)] < TZI(XS LX) evain.

i=1

e masking strategy: smax is the maximum mask size
e token dependency: mutual information between each token
and the rest of the sequence

e training error: imperfect mask predictions

35/ 38



Main result: diffusion language model

For balanced mask size schedule:

Theorem 4 (Li, Cai’25)

Suppose % Zthl S¢ = Smax. Then

1.
En[KL(pxo || Pyoar)] — Etrain < 7 X info-term
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Main result: diffusion language model

For balanced mask size schedule:

Theorem 4 (Li, Cai’25)

Suppose % Zthl S¢ = Smax. Then

1.
En[KL(pxo || Pyoar)] — Etrain < 7 X info-term

e information term < "% | I(X(()i); X(()_i)) < Llog|X]|
e Chen, Ying, 24 & Zhang, Chen, Gu, '24: update < 1 token (on
average) per step.

e Feng, et al. '25: ((n —1)/T)"/"Llog|X| error bound for n-gram
language model with n < log L

36/ 38



Numerical experiments

EmIKL(Px, |Pym)]

. .
10!
.
1] — °
=
g
a
== L]
. <
g
4
—_ L] L]
=
® & g0
L]
i
0 20 40 60 80 100 120 140 °
S1(x’; x=®): mutual information 10!
i

T: number of iteration

e Sampling error: convergence rate 1/7" with linear dependence on
mutual information among tokens.
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Concluding remarks

e accelerate sampling processes provably (using only score
functions)

e establish tight convergence guarantees for diffusion language
models from an information-theoretic perspective

Paper:

“O(d/T) Convergence Theory for Diffusion Probabilistic Models under Minimal
Assumptions,” G. Li*, Y. Yan*, ICLR, 2025

“Provable acceleration for diffusion models under minimal assumptions,” G. Li*, C. Cai*,
arXiv:2410.23285, 2024

“Improving Diffusion-based Inverse Algorithms under Few-Step Constraint via Learnable
Linear Extrapolation,” J. Zhang, Z. Liu, L. Yan, G. Li, Y. Gu, NeurlPS, 2025

“A Convergence Theory for Diffusion Language Models: An Information-Theoretic

Perspective,” G. Li*, C. Cai*, NeurlPS, 2025
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